Exercise Set – II
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Fall 2004

1) What are the minimum and maximum numbers of elements in a heap of height h?

2) Show that an n-element heap has a height (log n(.

3) Show that the largest element in a subtree of a heap is at the root of the subtree.

4) Show that the worst – case running time of HEAPIFY on a heap of size n is 

Ω(lg n).

5) Illustrate the operation of Heap-Extract-Max on a heap A =  {15,13,9,5,12,8,7,0,6,2,1}

6)  A d-ary heap is like a binary heap, but instead of 2 children, nodes have d    children.

a.  How would you represent a d-ary heap in an array? 

b. What is the height of a d-ary heap of n elements in terms of n and d.  

c. Give an efficient implementation of EXTRACT-MAX.  Analyze its running time in terms of d and n. 

d. Give an efficient implementation of INSERT. Analyze its running time in terms of d and n.

e. If the input is d sequences of elements such that each sequence is already sorted, and there is a total of n elements. Design an O(n log d) algorithm to merge all the sequences into one sorted sequence. 

7) Suppose that the splits at every level of quicksort are in the proportion 1- α to α,   where 0    < α ( ½ is a constant.  Show that the minimum depth of a leaf in the recursion tree is approximately (logn/log α  and the maximum depth is approximately (log n / log (1- α)) (don’t worry about integer round-off).
8) Show that quicksort’s best-case running time is Ω(n lg n).

9) The input is d sequences of elements such that each sequence is already sorted, and there is a total of n elements. Design an O(n log d) algorithm to merge all sequences into one sorted sequence.
10). The input is a set S containing n real numbers, and a real number x.

a. Design an algorithm to determine whether there are two elements of S whose sum is exactly x. The algorithm should run in O(n log n) time.

b. Suppose now that the set S is given in a sorted order. Design an algorithm to solve the above problem in time O(n).

