Exercise Set 3

1. Show that a depth-first search of an undirected graph G can be used to identify the connected components of G, and that the depth-first forest contains as many trees as G has connected components. Show how to modify depth-first search so that each vertex v is assigned an integer label cc[v] between 1 and k, where k is the number of connected components of G, such that cc[u] = cc[v] if and only if u and v are in the same connected component. 

2. Let G = (V, E) be an undirected graph such that each vertex has an even degree. Design a linear-time algorithm to direct the edges of G such that, for each vertex, the outdegree is equal to the indegree.

3. Design an algorithm to find a vertex in a connected undirected graph whose removal does not disconnect the graph. The algorithm should run in linear time. 

4. Let G = (V, E) be an undirected weighted graph, and let T be an MCST of G. Suppose that we now add a new vertex v to G, together with some weighted edges from v to vertices of G. Design a linear-time algorithm to find a new MCST that includes v.

5. Let (u, v) be a minimum-weight edge in a graph G. show that (u, v) belongs to some minimum spanning tree of G. 

6. Suppose that all edge weights in a graph are integers in the range from 1 to (V(. How fast can you make Kruskal's algorithm run? What if the edge weights are integers in the range from 1 to W for some constant W?

7.   Let G = (V, E) be a connected undirected weighted graph. Assume for simplicity that   weights are positive and distinct. Let e be an edge of G. Denote by T(e) the spanning tree of G that has minimum cost among all spanning trees of G that contain e. Design an algorithm to find T (e) for all edges e ( E. The algorithm should run in time O((V(2). 

8. Give an algorithm that determines whether or not a given undirected graph                               G = (V, E) contains a cycle. Your algorithm should run in O((V() time.

9.  Let G= (V, E) be a directed weighted graph such that all the weights are positive. Let v and w be two vertices in G and k ( (V( be an integer. Design an algorithm to find the shortest path from v to w that contains exactly k edges. The edge path need not be simple.
10. Let G = (V, E) be a directed acyclic graph, and let k be the maximal number of edges in a path of G. Design an algorithm to divide the vertices into at most k+1 groups such that for each two vertices v and w in the same group there is no path from v to w and there is no path from w to v. The algorithm should run in linear time.
   11. Let G = (V, E) be a directed graph and let v and w be two vertices in G. Design a    linear time algorithm to find the number of  different shortest paths (not necessarily vertex disjoint) between v and w. (There are no weights on the edges).

12. Given a flow network G = (V, E), let f1 and f2 be functions from V ( V  to R. The flow sum f1 + f2 is the function from V ( V  to R defined by (f1 + f2)(u, v) = f1(u, v) + f2(u, v) for all  u, v ( V.  If f1 and f2 are flows in G, which of the three flow properties must the flow f1 + f2 satisfy, and which might it violate?
